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ABSTRACT Calcium (Ca®*)-induced Ca®" release (CICR) in cardiac myocytes exhibits high gain and is graded. These
properties result from local control of Ca®" release. Existing local control models of Ca®* release in which interactions between
L-Type Ca®" channels (LCCs) and ryanodine-sensitive Ca®* release channels (RyRs) are simulated stochastically are able to
reconstruct these properties, but only at high computational cost. Here we present a general analytical approach for deriving
simplified models of local control of CICR, consisting of low-dimensional systems of coupled ordinary differential equations,
from these more complex local control models in which LCC-RyR interactions are simulated stochastically. The resulting model,
referred to as the coupled LCC-RyR gating model, successfully reproduces a range of experimental data, including L-Type
Ca®" current in response to voltage-clamp stimuli, inactivation of LCC current with and without Ca®* release from the
sarcoplasmic reticulum, voltage-dependence of excitation-contraction coupling gain, graded release, and the force-frequency
relationship. The model does so with low computational cost.

INTRODUCTION

The local-control theory of excitation-contraction (EC)
coupling (Bers, 1993; Sham, 1997; Stern, 1992; Wier et al.,
1994) asserts that opening of individual L-Type Ca®"
channels (LCCs) located in the z-tubule membrane triggers
Ca’" release from a small cluster of Ca>" release channels,
known as ryanodine receptors (RyRs), located in the closely
apposed junctional sarcoplasmic reticulum (JSR) membrane.
Tight regulation of Ca®"-induced Ca®*-release (CICR) is
made possible by the fact that LCCs and RyRs are sensitive
to the local concentration of Ca*>* within the dyadic space
rather than global cytosolic Ca®" levels. Graded control of
JSR Ca’" release, in which Ca’" release is a smooth,
continuous function of LCC Ca®* influx, is achieved by
statistical recruitment of JSR Ca’" release events (Beuck-
elmann and Wier, 1988; Stern, 1992; Wier and Balke, 1999).

Two classes of simplified EC coupling models have been
developed and used in ventricular myocyte models. In the
first, the Ca®" release flux is represented as an explicit
function of sarcolemmal Ca>" influx (Faber and Rudy, 2000;
Luo and Rudy, 1994). Models of this type can exhibit both
high gain and graded SR Ca®" release, but they lack
mechanistic descriptions of the processes that are the
underlying basis of CICR. In the second, known as common
pool models (Stern, 1992), the flux of trigger Ca>* through
all LCCs as well as the Ca®>" release flux through all RyRs
are each represented as single currents directed into a
common Ca>* pool (Jafri et al., 1998; Noble et al., 1998;
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Winslow et al, 1999). The result of this physical
arrangement is that once RyR Ca”* release is initiated, the
resulting increase of Ca>* concentration in the common pool
stimulates regenerative, all-or-none rather than graded Ca**
release (Stern, 1992). In addition to triggering SR Ca**
release, increases of local Ca>* promote Ca*-dependent
inactivation of LCCs (Peterson et al., 1999). In existing
computational models of the cardiac ventricular myocyte,
inactivation of LCCs is dominated by voltage-dependent
inactivation (Winslow et al.,, 2001). More recent data
collected under conditions where Ca”*-dependent inactiva-
tion of LCCs is selectively ablated (Alseikhan et al., 2002;
Peterson et al., 1999) clearly demonstrate that relative to the
timescale of the action potential (AP), Ca®"-mediated
inactivation of LCCs is rapid and strong, whereas voltage-
dependent inactivation is slow and weak (Linz and Meyer,
1998; Peterson et al., 1999). When this relationship is
incorporated into common pool models, AP duration
becomes unstable—cycling between large and small values
(Greenstein and Winslow, 2002), which renders such models
useless for simulation of the AP. This loss of stability is
a direct consequence of the all-or-none Ca”* release property
of common pool models, as it in turn produces all-or-none
inactivation of inward LCC current during the plateau phase
of the AP (Greenstein and Winslow, 2002).

We have recently formulated a computational model of
the cardiac ventricular myocyte incorporating local control
of CICR (Greenstein and Winslow, 2002). The model
describes Ca®" release units (CaRUs) consisting of a dyadic
space in which individual sarcolemmal LCCs interact in
a stochastic manner with nearby RyRs. CaRU dynamics are
simulated stochastically within each time step over which the
global system of ordinary differential equations describing
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membrane ionic and pump/exchanger currents, SR Ca’**
uptake, and time-varying cytosolic ion concentrations are
solved. The model incorporates the experimentally observed
strong negative feedback coupling between RyR Ca’*
release and LCC current. The model accurately reconstructs
stable APs and describes critical features of CICR including
graded release and voltage-dependent gain. These results
demonstrate that to accommodate new data regarding strong
negative feedback regulation of LCC function by JSR Ca®™"
release, myocyte models must incorporate graded CICR.
Unfortunately, local control models based on stochastic
simulation of CaRU dynamics are far too computationally
demanding to be used routinely in single cell simulations,
let alone in models of cardiac tissue.

In this article, we formulate a novel model of CICR which
describes the underlying channels and local control of Ca>*
release, but consists of a low dimensional system of ordinary
differential equations. This is achieved in two steps, using
the same techniques as applied by Hinch (2004) in an anal-
ysis of the generation of spontaneous sparks in a model of a
cluster of RyRs. First, the underlying channel and CaRU
models are minimal, such that they only contain descriptions
of the essential biophysical features observed in EC
coupling. This in turn yields a system of model equations
which can be simplified by applying approximations based
on a separation of timescales. In particular, it can be shown
that [Ca®"] in the dyadic space (denoted [Ca®*]4)
equilibrates rapidly relative to the gating dynamics of the
LCCs and RyRs. The joint behavior of LCCs and RyRs can
then be described using a Markov model where the transition
probabilities between interacting states are a function of
global variables only. This in turn allows the ensemble
behavior of the CaRUs to be calculated using ordinary
differential equations. The resulting model, which we refer to
as the coupled LCC-RyR gating model, has parameters
which may be calculated directly from the underlying
biophysical model of local control of Ca®" release (see
Table 1; for additional information, see Tables 2-4). We
show that despite the simplicity of this model, it captures key
properties of CICR including graded release and voltage-
dependence of EC coupling gain. The great advantage of this
novel approach is its increased computational efficiency.
Simulations using the model presented in this article require
up to 10° times less computation time and 10° less memory
compared with previous local control models, which were
also based on the underlying channel kinetics (Greenstein
and Winslow, 2002). The model is therefore well suited for
incorporation within single cell and tissue models of ven-
tricular myocardium.

DERIVATION OF MODEL

Our aim is to formulate a computationally tractable model
which sufficiently describes the underlying physiological
mechanisms of EC coupling. To do this, we first develop
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TABLE 1 LCC and RyR parameters
Parameter Definition Value
VL Potential when half LCC open -2 mV
AV Width of opening potentials 7 mV
()3 Proportion of time closed in open mode 2.35
L Time switching between C and O states quick
T Inactivation time 650 ms
Ky Concentration at inactivation 0.22 uM
a Biasing to make inactivation function of V' 0.0625
b Biasing to make inactivation function of V 14
JL Permeability of single LCC 9.13 X 107*
,u,m3 ms ™'
Kryr Half concentration of activation 41 uM
R Time switching between C and O states 1.17 4.
dr Proportion of time closed in open mode 0.05
TR Inactivation time 2.43 ms
Or Reciprocal of proportion of time inactivated in 0.012
open mode
c Biasing to make inactivation a function of 0.01
[Ca2+]ds
d Biasing to make inactivation a function of 100
[Ca™"]as
Jr Permeability of single RyR 2% 1072
,um3 ms !

To avoid confusion, when parameters from other models are referred to
they are given a tilde. V;_ and AV are estimated by fitting the I-V curve for
the LCC (Fig. 5). The LCC parameters ¢, = g/f. 7= b"/d,
K. = &)/542145/0, a=1/a* b= b*, and J. are all from Greenstein and
Winslow (2002). The RyR parameters ¢p = koicl /l~cc101, and
rR=1 /7601c1 are from Zahradnikova and Zaradnik (1996); and
KRyR = W/i(OM/kOy TR = d)R/KRny{I» and 0R = i{[MTR are from Stern
et al. (1999). (Note the parameter values for Scheme 6 were not given, so
we estimated them from Scheme 5 in Stern et al., 1999.) The designations
of ¢ and d are chosen such that 1% of RyRs are inactivated at low [Ca®™],
and Jg was chosen to fit the EC gain curve (Fig. 8 B).

a simple model of CaRUs consisting of continuous-time
Markov chain descriptions of LCC and RyR gating. This
model is then simplified by taking advantage of large
separations of timescales. The resulting formulation consists
of six coupled ordinary differential equations for the entire
Ca’" regulation system. The method described below is
a general technique and can be applied to CICR models of
any species. As an example, the model is calibrated using
data acquired from experiments in rat.

The L-type Ca®* channel (LCC) model

At low membrane potentials (<—40 mV) LCC open
probability is essentially zero. Upon membrane depolariza-
tion, LCCs open and close stochastically with a mean open
time of ~0.5 ms and a peak open probability of 5-15%
(Rose et al., 1992; Herzig et al.,, 1993; Handrock et al.,
1998). The primary mechanism of LCC inactivation is via
Ca”" binding to calmodulin which is tethered to the channel
on the intracellular side. LCCs also undergo voltage-
dependent inactivation; however, when considered over
a timescale of the AP, this inactivation is far slower and less
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TABLE 2 Physical constants and geometry TABLE 4 Other Ca®* currents
Parameter Definition Value Parameter Definition Value
F Faraday constant 96.5 C mmol gp Ca®" flux rate from dyadic space to 0.065 pum® ms™"
T Temperature 295 K cytosol
R Universal gas constant 8.314 J mol ' K™ 8SERCA Maximum pump rate of SERCA 0.45 uM ms ™"
Veyto Cytosolic volume 2.584 X 10* um?® Kserca Half saturation of SERCA 0.5 uM
Vas Volume of a single dyadic space 2.0 X 107* um?® 'SRl Rate of leak from the SR to cytosol 1.9 X 107 ms™!
Vsr Volume of sarcoplasmic reticulum 2.098 X 10° ,u,m3 Kona Na™ half saturation of NCX 87.5 mM
N Number of release units 50,000 Kica Ca®* half saturation of NCX 1380 uM
Cam Total membrane capacitance 1.534 X 10~ uF n Voltage dependence of NCX control 0.35
All values are from Bonderenko et al. (2004) except V45 and N, which are Ksau Low potential saturation factor of NCX 0.1 1
. . 8NCX Pump rate of NCX 38.5 uM ms
from Greenstein and Winslow (2002). (Note that there are four LCCs per . . .
CaRU.) 8pCa Maximum pump rate of sarcolemmal 0.0035 uM ms
’ pump
Koca Half saturation of sarcolemmal 0.5 uM
2+ -5

. . . . . X

complete than that produced by Ca®" inactivation (Linz and 8¢ Conductance of background Ca™ current rzniz,l mi? , HM

Meyer, 1998; Peterson et al., 1999, 2000). The process of
voltage-dependent inactivation is therefore ignored in this
model.

Several detailed models of LCC gating have been
formulated (Jafri et al., 1998; Bondarenko et al., 2004).
We use a model which is a simplified version of the Jafri et al.
(1998) model (Fig. 1 A). First, the state Oc, is dropped from
the 12-state model because its occupancy rate is nearly zero.
Second, states Cy, Cy, C,, and Cs, and Iy, I, 1>, and I3, are
combined to make a five-state Markov model (Fig. 1 B). The
effect of this change is a minor alteration to the activation
kinetics of the LCC, although the principle biophysical
mechanisms (e.g., mode-switching, voltage-dependent acti-
vation, and Ca2+-dependent inactivation) are retained. The
five-state model consists of two closed states (denoted C;
and C,), a single open state O accessible from closed state
C,, and two Ca’"-inactivated states / 1 and I, accessible from
states C; and C,, respectively. Transition rates into the
inactivated states are a function of [Ca®*]y,. This model can
be simplified to a three-state model (Fig. 1 C) by assuming
that transitions between the state pairs C; and C,, and /; and
I, are rapid relative to the transition rates between these two

TABLE 3 Fixed ionic concentrations and buffers

Parameter Definition Value
[Na*],  Extracellular [Na'] 140 mM
[Na*]; Intracellular [Na™] 10 mM
[Caﬂ]e Extracellular [Ca™] 1000 uM
[Blempn  Total cytosolic calmodulin concentration 50.0 uM
Kcevpn Half saturation constant of calmodulin 2.38 uM
[Blrren  Total cytosolic troponin concentration 70.0 uM
kN Binding rate of [Ca**] to troponin 0.04 uM " ms™!
kRPN Disassociation rate of [Ca®*] to troponin ~ 0.04 ms™"
0 Resting potential —80 mV
[Ca®*]ip  Cytoplasmic [Ca®"] at V, 0.1 uM
[Ca*"1sro SR [Ca®']at V, 700 uM

Extracellular and intracellular concentrations [Na*],, [Na™];, [Ca”]e, and
[Ca”]i, o are from Stern et al. (1999); buffer concentrations [B]cypn and
Kcmpn, and resting [Ca2+]SR_ o are from Greenstein and Winslow (2002);
and troponin parameters [Blrrpn, kigpy: and kgppy are from Bonderenko
et al. (2004).

The sarcolemmal channel parameters Kpna, Kmca> 1, ksa, and Kpc, are
taken from Luo and Rudy (1994). The SERCA parameters Ksgrca and
gserca are from Bondarenko et al. (2004). The dyadic space conductance
gp is chosen to give 743 = 3 us (average of Sobie et al., 2002, and
Greenstein and Winslow, 2002). The designations gnex and gpca are
chosen to balance transmembrane flux of Ca>* over each cycle. The leak
conductances rsg; and gc,, are calculated to satisfy [CaH]LO and
[Ca* " Isry0-

sets of states. The transition rate from state C,4 to Cs is rapid
compared with the transition rate to state /,. The rate from
state C4 to C5 is approximately twice that of the transition
rate to state O. Since the ratio of these two rates is not
sufficiently large (i.e., >10), the reduced three-state model
will exhibit slightly different activation kinetics than the five-
state model. This discrepancy is not an issue since further
model reductions (described below) will be based on the
assumption of instantaneous LCC activation. Define the
combined closed state C = C; U C, and the combined
inactivated state I = I; U I,. Since the timescale of the
transitions between C; and C» is the smallest timescale in the
model, we can assume that these two states are in equilibrium
and thus define conditional state occupancy probabilities as

D

(23]

P(CJC):% and P(C,|C) =

o +a_,; o) +a_

A similar approximation is applied to states /; and ;. Under
these assumptions, the forward transition rate between the
combined closed state C and the combined inactivated state /
(Fig. 1 B) is given by
e ([Ca’"],) = ae ([Ca™ ] )P(C\[C)

+€,([Ca”" ] )P(C,|C). )
A similar approach may be used to derive the remaining
transition rates among states /, C, and O (see Eq. 12). The
open channel current is given by the Goldman-Hodgkin-
Katz equation (see Eq. 13), where [Ca2+] at the intracellular

mouth of the LCC is assumed to be equal to [Ca®* 4. This
model of the LCC is validated using voltage-clamp data
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FIGURE 1

(A) The original 12-state model of the LCC (Jafri et al., 1998). (B) The five-state model of the LCC containing voltage-dependent activation,

Ca®"-dependent inactivation, and modal gating. The closed states C; and C5 are grouped together to form a single state C, and the states I; and I, are grouped
together to form a single state /. (C) The reduced three-state model of the LCC.

(Zahradnikova et al., 2004) in the following section (see
Figs. 5 and 6).

The ryanodine receptor (RyR) model

When [Ca®* 4 is near diastolic levels, the open probability
of RyRs is small. When [Ca®*]4 is increased, RyRs open
and close stochastically on a timescale of ~2 ms
(Zahradnikova and Zahradnik, 1995, 1996). In experiments
on single RyRs in lipid bilayers where transient increases
in Ca’* are generated by flash photolysis, it has been
demonstrated that the rate of activation of RyRs is
sufficiently rapid (0.07-0.27 ms) to be triggered by single
LCC openings (Zahradnikova et al., 1999). The Hill
coefficient of activation with [Ca”]dS has been reported as
~2.5 (Zahradnikova et al., 1999). Experiments on single
RyRs in lipid bilayers suggest that the time constant of in-
activation is too slow (Zahradnikova and Zahradnik, 1996)
to be important, even in the presence of physiological
concentration of Mg2+ (Valdivia et al., 1995; Xu et al.,
1996). However, experiments on whole cells suggest that
RyR inactivation is the primary mechanism of termination of
SR release (Sham et al., 1998). Whether RyRs contain
a sufficiently rapid inactivation mechanism to be considered
the primary process influencing the termination of SR Ca®"
release during EC coupling is still an open question (Stern
and Cheng, 2004). Following the experiments of Sham et al.
(1998) and previous models (e.g., Stern et al., 1999), our
model contains RyR inactivation as the primary mechanism
of termination of SR release.

Biophysical Journal 87(6) 3723-3736

We use a five-state model of the RyR (Fig. 2 A) based on
Scheme 6 of Stern et al. (1999), with the addition of modal
gating between the C and O states. (Note that Stern et al.,
1999, presented six different schemes for the kinetics of the
RyR, although only Schemes 5 and 6 could successfully
model CICR.) Transitions from the closed to open modes
occur upon binding of two Ca®" ions. Transitions between
states C; and C»,, and inactivated states /; and /,, are assumed
to be rapid. Following the same procedure used in the
reduction of the LCC model, the RyR model is reduced to
a three-state model (Fig. 2 B, see Eq. 14). The magnitude of
the Ca®>* flux through an open RyR is proportional to the
difference in [Ca®"] between the SR and the local dyadic
space.

The calcium release unit (CaRU) model

We employ a minimal model for each CaRU (Fig. 3)
consisting of one LCC, a closely apposed RyR, and the dyadic
space within which these channels reside. Experimental
recordings of triggered Ca”*-sparks show that a single LCC
opening may activate 4-6 RyRs (Wang et al., 2001). The
CaRU model employed here is therefore a simplification of
actual dyadic structure and function (see Discussion). Several
models of CaRUs (e.g., Sobie et al., 2002; Greenstein and
Winslow, 2002) also include a local junctional SR volume
which is depleted relative to the network SR during Ca®*
release. However, recent experimental studies suggest that the
junctional SR [Ca®*]is in quasi-equilibrium with network SR
during Ca®" release (Shannon et al., 2003). Therefore, the
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A. B.
i k:[Cal3, E ks B+([Cal,,) 0
! Cl ¥ C-x,; T 0 C B— FIGURE 2 (A) The five-state model of the RyR
A T 4 | _ containing Ca*"-dependent activation, time-dependent
inactivation, and modal gating. The closed states C,
dk-s|| cka k-d| ka - ([Ca]d ) T ([Ca Ids) and C, are grouped together to form a single state C,
) and the states /; and I, are grouped together to form
| " a single state /. (B) The reduced three-state model of
; dk[Cals | the RyR.
I, =1, |
ck -
minimal CaRU model does not include a local JSR compart- modeling all CaRUs in the myocyte (this is the reason why

ment (see Discussion). The Ca>* flux from the dyadic space previous local control models, such as Greenstein and

to the myoplasm is governed by simple diffusion, such thatthe =~ Winslow, 2002, have been so computationally demanding).

time-evolution of [Ca® "]y, is given by This approach has some similarities with the theory of Ca’*-
synapses (Stern, 1992; see Discussion).

Define y;; (where 7, j = C, O, I) as the state of the CaRU
with the LCC in the /™ state and the RyR in the /™ state. The
CaRU can then be in one of nine macroscopic states (Fig. 4
where Vg, is the volume of the dyadic space, [Ca®*]; is the  A). [Ca®* ]y, Jryrs and Jicc must be calculated separately
[Ca®"]in the myoplasm, gp, is the Ca® " flux rate between the  for each of the nine states. For example, consider the state
dyadic space and bulk myoplasm, and Jryg and Jicc are the  y., with the LCC closed (JLcc = 0) and the RyR open (Jryr
currents through the RyR and LCC, respectively. The time = Jr([Ca’Tlsr — [Ca’*)4y)), then the rapid equilibrium
constant of equilibrium of [Ca®" ]y is given by 745 = Vys/gp approximation (Eq. 4) yields
~ 3 us (Sobie et al., 2002; Hinch, 2004). Since this time

d[Ca™"]

Va dr & = Jeyr +Jice — go([Ca” ], — [Ca™"]), (3)

s

constant is considerably smaller than that for opening of [Ca™]. + J—R[CaH}SR
either LCC or RyR channels, we may use the rapid Cco = &p 7
equilibrium approximation (Hinch, 2004) to show that 1+ U3
g &)
Jrgr +J Ca*'|g, — [Ca™"),
[Ca2+ ]ds — [Ca2+ ]i + RyR LCC. (4) JR7CO _ JR[ a ]SR J[ a ]l’
8p 1+-R
This is the crucial step in model simplification since [Ca** ]y &p
is now a function of only the global variables [Ca®"]sg, ~ Wwhere cco is [Ca® ™ g in the state yoo and Jg co is Jryr in the

[Ca”]i, V, and the state of the local RyR and LCC. As state yco. Results for other states are listed in the Appendix
a result of this simplification, it is no longer necessary to ~ Eqs. 16—19. The nine-state model of the CaRU is shown in
solve a differential equation for each [Ca®"]gs when Fig. 4 A. This model is what we refer to as the coupled LCC-

=

t—tubule
g
|

| |
- ']l.t‘f.' j_’ In In ‘_|’ Jryr ”u.'c —}_" Io In ‘_|’ Jryr L

space
' )
o8 / //

SR

In "_P Jry r—:_?

bulk
cyloplasm

FIGURE 3 The geometry of the CaRU model. Although this diagram contains only three CaRUs, the overall model contains a large number of identical
CaRUs. Each CaRU consists of a single LCC on a t-tubule and a single RyR on the SR facing into a dyadic space.
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RyR gating model. Note that transitions are a function of
[Ca2+]ds, which is itself a function of model states.

This model can be simplified further by taking advantage
of the fact the mean open times of the RyR and LCC (=1 ms)
are substantially shorter than the inactivation times (=20 ms)
of either the LCC or RyR. The rapid equilibrium
approximation is applied once again to simplify the model
to a four-state model. Define the combined states z; = ycc U
Yco U Yoc U Yoo, 22 = yor U Yer, 23 = Y1c U Y10, and z4 = yy.
The rapid equilibrium approximation requires that the
substates assume steady-state values; for example,

a+,8,(a+ ta_+B_+B, (CCC))

Hinch et al.

current is different in each subpopulation. A similar ex-
pression for the RyR current is found in Eq. 23.

Whole-cell Ca®* regulation

The CaRU model can now be incorporated within a standard
model of whole-cell Ca®" regulation. The total Ca** current

directed into the bulk myoplasm is
I = Ice + ]RyR — Isgrea + ISR,I + Inex — IpCa + Icw + Igen-

(€))

P(}’oc|21) =

Expressions for the other combined states are given in
Eq. 20. Transition rates between combined states (Fig. 4 B)
are found by summing the transitions from the substates; for
example

r = P()’oc‘zl)ﬁM (Coc) + P()’cc|Zl)M+ (Ccc) @)

(see also Eq. 21). Finally, we use the law of mass action to
derive differential equations for the evolution of the subpop-
ulations of the CaRU (Eq. 22). The whole-cell Ca®" cur-
rents are calculated by summing the contributions from all
the populations of the CaRU where the relevant channel
is open, as

N
Lice = T(JL.OOP(yOO‘ZI) +JL.COP(yCO‘Zl))Zl
cyto

J’_

N
P()’o1|22)22, ®)

cyto

where N is the total number of CaRUs in the model and V.,
is the volume of the cytoplasm. Note that the size of the

(@ +a)((a+ B+ B (coc)) (B + B (ccc)) +ar (B +B.(coc)))

Q)

The mathematical formulae for these currents are given in
Egs. 24-28. Ca®" is resequestered into the SR via the
SERCA pump (Isgrca). Isr is a leak current from the SR to
the bulk myoplasm and its conductance is chosen such that
[Ca’"lsg = 700 uM when the cell is in equilibrium and
voltage-clamped at —80 mV. The principle mechanism for
Ca** removal from the cell is the sodium-calcium exchanger
(Incx)- A secondary transporter which removes Ca’®" from
the cell is the sarcolemmal Ca’*-ATPase (Ipca)- In rat
myocytes, it has been estimated that the Ca’’-ATPase
contributes 24% of the Ca>* removal during a Ca®* transient
(Sook Choi and Eisner, 1999). The final current is the
background leak current (/c,,) and its conductance is chosen
so that [Ca”]i = 0.1 uM when the cell is in equilibrium and
voltage-clamped at —80 mV. Ca’* is buffered by calmod-
ulin and troponin (Itrpy) in the bulk myoplasm. Buffering
by calmodulin is rapid compared with the evolution of the
[Ca2+], so the effect of the buffer can be modeled using
the rapid buffer approximation (Wagner and Keizer, 1994).
The rate of change of [Ca®*] is given by

A. B = He(Coc) | B. r, =
¢ Yoo= = Joc= = Yor Ly —/————1,
A B+(C oc ) | #1--(‘3 oc ) ! Iz
o+ ol oL+ | 0L ol o T||Ts T[T
‘ [ 1 FIGURE 4 (A) The nine-state model of the CaRU. In
i state y;;, the LCC is in the state i and the RyR is in the
! v (C ) | y
Yoo B- Bl 7 N 7 state j. Note that the transitions are a function of
T ) . E— . . . . .
4 Bi(cce) H-(Cee) Ya 3 I, 4 [Ca®* )45 which is a function of state. (B) The simplified
| b four-state model of the CaRU, after applying the
i) ©ec) Coc) approximation that open times are rapid.
€418:(Cqo €41 E+\C e E-||E4(Cpe
P- I Wo(Cec)
Yio Yic — Yo
ﬁ+(cu ) HCce) i
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d[Ca™"].
[dt I = B, (10)
where [; is given by Eq. 9,
-
K B
Bi=(1+ CMDN[ ]ChﬁN 2 ) an
(Kempn + [Ca™ " )

and [B]lcmpn and Kcompn are the total concentration and
half-saturation concentration of calmodulin, respectively.
The full equations for the evolution of [Ca2+] in the bulk
myoplasm and SR are given in Eq. 32.

RESULTS

Model properties are now compared with a range of
experimental data chosen to test different aspects of Ca**
regulation. These experimental results were used to de-
termine the channel densities in the model. The equations
were solved using a variable-step fourth-order Runge-Kutta
integration algorithm (Press et al., 1989) on a PC with a
2-GHz processor and 512 Mb of RAM.

L-Type Ca®* current

Two essential features of the L-type Ca>* current are the
peak I-V curve and inactivation dynamics. In particular,
inactivation of LCCs is highly dependent upon properties of
CICR. The ability to reproduce inactivation responses thus
represents a good test of local control models (Zahradnikova
et al., 2004). Fig. 5 A shows LCC current generated by
a voltage step from —50 mV to a range of potentials between
0 mV and 30 mV. Fig. 5 B compares the model LCC peak
I-V curve with that measured experimentally (Zahradnikova
et al., 2004). Peak LCC current is defined as that in response
to the indicated test potential (abscissa) from a holding
potential of —50 mV. Model and experimental I-V curves are
in close agreement. In voltage-clamp experiments in which
SR Ca" is intact, it is found that the L-Type Ca®" current is
inactivated after ~20 ms. However, when SR Ca’" is
depleted by application of caffeine (Zahradnik and Palade,
1993), ryanodine (Balke and Wier, 1991), or application of
prepulses (Delgado et al., 1999), Ca®" inactivation is much
slower (Sipido et al., 1995; Zahradnikova et al., 2004). Fig.
6, A and B, shows a comparison of the model prediction of
this effect with experimental results (Zahradnikova et al.,
2004). In both model and experiment, the cell was clamped
at —50 mV and then stepped to 10 mV for 70 ms. The SR
Ca®>* was depleted in the model by setting it to 10% of its
normal value. The experimental and model results are in
close agreement. Fig. 6, C and D, shows a comparison of the
model and experiment for voltage steps from —50 mV to
+10 mV, +20 mV, and +30 mV. The model successfully
predicts the slower inactivation with steps to +30 mV
compared with steps to +10 mV; however, since activation
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of the LCC current is assumed to be instantaneous in the
model, the voltage-dependent changes in the activation
kinetics are not captured by the model.

CICR and gain

Fig. 7 shows the intracellular [Ca®"] and the SR Ca®" content
inresponse to a voltage step from —80 mV to 0 mV for 200 ms
with a basic cycle length of 400 ms. During the Ca** transient
40% of the SR Ca’" is released, which is similar to
experimental values (=35%, Bassani et al., 1995; DelBridge
etal., 1996). Fig. 8 A shows that the coupled LCC-RyR gating
model captures the fundamental property of graded Ca’*
release, in that RyR current is a smooth, continuous function
of trigger Ca>". In addition, it is now well established that
Ca®" release is most effective at those membrane potentials
producing large single LCC currents (Wier et al., 1994). This
results in the peak of Igyr being shifted by ~10 mV in the
hyperpolarizing direction relative to the peak of I} cc . This
important behavior is also captured by the coupled LCC-RyR
gating model (Fig. 8 A). As a consequence of this relative
displacement of peak values, EC coupling gain decreases with
increasing membrane potential. Following Wier et al. (1994),
we define the gain as the ratio of maximum of /gyg with the
maximum of Iy cc . Fig. 8 B shows that EC coupling gain
predicted by the model is in agreement with experimental
measurements (Wier et al.,, 1994; Cannell et al., 1995;
Janczewski et al., 1995; Santana et al., 1996).

The final set of experiments examines the behavior of
Ca”* as a function of pacing frequency. The response of the
Ca”" regulation system to pacing frequency is nontrivial and
is species-dependent (reviewed by Carmeliet, 2004). Human,
rabbit, and guinea pig ventricular myocytes exhibit a positive
force-frequency relationship, where the force of contraction
increases with frequency (Carmeliet, 2004; Pieske et al.,
1999; Maier et al., 2000), although in some experiments
a dome-shaped force-frequency relationship has been
observed (Boyett and Jewell, 1980). In rats both negative
(Hoffman and Kelly, 1959; Maier et al., 2000) and positive
(Frampton et al., 1991; Layland and Kentish, 1999) force-
frequency relationships have been reported. The effect of
frequency on the Ca®" transient can be tested in the model.
The model was excited periodically by a 200-ms-long step
depolarization from —80 mV to 0 mV. Fig. 9 A shows the
peak systolic [Ca”], diastolic [Ca”], and amplitude
(defined as the peak systolic minus the diastolic) of the
Ca”" transient as a function of frequency for the model. Note
that the systolic [Caz+], diastolic [Ca2+], and amplitude of
the Ca®" transient all increase with frequency. Fig. 9 B
shows experimental recordings of Ca®>* transients of paced
rat ventricular trabeculae over the same range of frequencies
(replotted from Fig. 2 C of Layland and Kentish, 1999). The
intracellular [Ca2+] was measured using a Ca’>" -sensitive
fluorescent dye. The experimental and model results exhibit
a similar force-frequency relationship. The force-frequency
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FIGURE 5 (A) LCC model currents generated by a step depolarization from —50 mV to a range of potentials between 0 mV and 30 mV. (B) The peak LCC
current after a voltage step from —50 mV. The graph shows both experimental results (replotted from Fig. 1 in Zahradnikova et al., 2004) and the prediction of
the model.

relationship in the model is determined by the balance lation of intracellular Na™ that occurs at high stimulation
among the LCC, SERCA, NCX, and sarcolemmal frequencies, which reduces the driving force for the NCX to
Ca-ATPase in a nontrivial relationship. It should be noted that ~ remove Ca®" from the cell, is another mechanism that can
intracellular [Na™] is constant in this model. The accumu- generate a positive force-frequency relationship.
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FIGURE 6 The time course of LCC current after a voltage step from —50 mV to +10 mV for the model (A) and from experiments (B) (replotted from Fig. 1
in Zahradnikova et al., 2004). Results are shown with SR Ca*-release and in the absence of SR Ca”*-release. The current inactivates more slowly in the
absence of SR Ca”*-release, which is due to the reduction in [Ca>" |4, and hence a reduction in the signal for Ca>*-dependent inactivation of the LCCs. The
time course of LCC current after a voltage step to +10 mV, +20 mV, and +30 mV, for the model (C) and from experiments (D) (replotted from Fig. 1 in
Zahradnikova et al., 2004).
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FIGURE 7 Whole-cell [Ca®"] transient (A) and network SR Ca* load (B) in response to a voltage step depolarization from —80 mV to 0 mV for 200 ms
with a basic cycle length of 400 ms. The SR Ca”" is given in units of moles per volume of cystol. The diastolic [Ca®"]is 0.2 uM and the peak [Ca**]is 1.3 uM.
When the stimulation frequency is reduced to 1 Hz, the diastolic [Ca®*] falls to ~0.1 uM and the peak [Ca*™] falls to ~1 uM (Fig. 9).

DISCUSSION

In this article, we describe the formulation of a local control
model of CICR which we refer to as the coupled LCC-RyR
gating model. In deriving this model, we assumed that each
CaRU consists of one LCC, one RyR, and the dyadic
subspace within which they communicate. The CaRU model
was then simplified using the following procedures. First,
biophysically detailed continuous-time Markov chain models
of LCC and RyR gating were simplified by identifying
communicating pairs of channel states in rapid equilibrium
(e.g., transitions between these states are substantially more
rapid than transitions into or out of these states). These states
were then coalesced, resulting in three-state models for each
of these channels. Second, a rapid equilibrium approximation
was used to derive an expression for [Ca®"]4 in terms of
[Ca®*]; and LCC/RyR fluxes into the dyadic space, an
approximation which is warranted based on the small volume
of the dyadic space and the rapid efflux rate from the dyadic
space. This was the critical simplifying assumption, which in
turn enabled the definition of a coupled LCC-RyR gating

normalised Ca flux
o o o
a S %

o
N

0
40 30 20 10 0 10 20 30 40 50
membrane potential (mV)

model (Fig. 4 A) in which each state represents the fraction of
CaRUs sharing a unique pairing of LCC and RyR states. Since
the total number of unique states in the coupled LCC-RyR
gating model is nine, model dynamics are described by
a system of eight ordinary differential equations. Further
simplifications were employed to reduce the dimensionality
of this system from eight to three equations.

The advantages of this approach in modeling local control
of Ca”" release are the following. As in our previous model
(Greenstein and Winslow, 2002), the coupled LCC-RyR
gating model describes important features of local control of
Ca®>* release, including CICR release exhibiting voltage-
dependent gain. However, the approach presented here has
dramatically reduced the computational cost, allowing for
this model to be used readily in single cell and tissue-level
simulations. The model is also based on well-accepted
biophysical principles of local control of Ca>* release and
does not rely on more complex assumptions regarding the
distribution of CaRUs containing different numbers of LCCs
and RyRs (Bondarenko et al., 2004). In addition, all
parameters of the coupled LCC-RyR gating model are
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FIGURE 8 (A) The peak Jicc and Jgyr as a function of membrane potential. Note that the peak of Jicc lies ~10 mV to the right of Jryr. (B) The EC-
coupling gain defined by the ratio of the maximum of Jryg with the maximum of Ji cc.
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FIGURE 9 The systolic [Ca>*], diastolic [Ca>*], and amplitude of the Ca®" transient as a function of pacing frequency for the model (A) and from
experiments on rat ventricular trabeculae (B) (replotted from Fig. 2 C of Layland and Kentish, 1999).

derived analytically from those of the underlying LCC and
RyR models. Thus, the coupled LCC-RyR model is fully
constrained by the parameters defining the underlying LCC
and RyR models and no additional parameters must be fit.
Finally, the algorithmic procedures for model simplification
(those stated above) may be implemented in software and
used for the automatic generation of CaRU models based on
more complex and biophysically detailed descriptions of LCC
and RyR behavior. Although the resulting coupled LCC-RyR
gating model will be more complex than the one described
here, the channel components used to formulate these models
may be defined arbitrarily. The methods described here
therefore represent a general approach to the development of
a family of coupled LCC-RyR gating models.

The approach described here is similar to the Ca®*-
synapse model presented by Stern (1992), however, the
details differ in a number of important ways. First, the
models of the LCC and RyR contain additional important
biophysical detail, in particular the inactivation of LCCs by
local Ca**, which is the predominant mechanism of LCC
inactivation. Second, the rapid equilibrium approximation is
derived by taking advantage of the small size of the dyadic
space. This allows the effect of local [Ca®>*] (which depends
upon the state of the LCC and RyR) on the LCC to be
calculated, which is necessary to calculate the inactivation of
the LCC. Third, the coupled LCC-RyR gating model was
shown to reproduce experimental results which rely on local
control of CICR, including inactivation of the LCC due to
high [Ca®"] in the dyadic space (Fig. 6), the EC gain curve
(Fig. 8), fractional SR Ca>" release (Fig. 7), and the force-
frequency relationship (Fig. 9).

A simplifying assumption in the model was the inclusion of
only one RyR in the CaRU. The main consequence of this is
that release from the SR is not locally regenerative in the sense
that once the single RyR closes, [Ca?*] in the dyadic space
decreases and no further release is generated. We are currently
exploring models with multiple RyRs in the CaRU. Although
these models are more efficient than Monte Carlo simulations
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of thousands of CaRUs, it is not possible to describe these
models using a small number (<10) of coupled ordinary
differential equations. As shown previously, one important
feature of models with multiple RyRs in each CaRU is that
they contain two metastable states and the transitions between
these states occurs on timescales much longer than the
individual opening of the channel (Hinch, 2004). This means
that the approximation used to reduce the model from a nine-
state model to a four-state model (i.e., the rate of activation of
the RyRs is much faster than the rate of inactivation) would
not be valid in amodel containing a cluster of RyRs. Modeling
work has demonstrated stochastic transitions between these
metastable states could be the origin of stochastic effects
observed in Ca®™" waves, such as the spontaneous termination
of waves, the breakup of spiral waves due to noise, and array-
enhanced coherence resonances (Coombes et al., 2004).
However, the role, if any, of these stochastic transitions in EC
coupling is unclear.

Separate local JSR volumes for each CaRU were not
included in the model, which was motivated by recent
experimental observations. Shannon et al. (2003) measured
[Ca®"] in the JSR and NSR using fluorescent indicators and
found no measurable difference between the [Ca2+] in the
JSR and NSR during EC coupling. However, it has been noted
that the timescale (=200 ms) of these measurements is much
greater than the duration of a spark (=15 ms), therefore
these results do not definitively rule out local depletion of
the JSR as an important contributing mechanism of spark
termination (Coombes et al., 2004; Stern and Cheng, 2004).

APPENDIX: MODEL EQUATIONS

The Appendix contains a summary of the model equations and estimates of
the parameters from previous detailed models (Tables 1-4). The functional
forms of the transition rates in the five-state LCC model are (Fig. 1 B)

V_Vi)/AV,
alze( v/ YLLag =1,k =1/n,

k*l = ¢L/IL7 €, = 1/KLTL and €_| = 1/TL'
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The transition rates for the three-state model of the LCC are (Fig. 1 C) The [Ca®>* 4 and the currents through the LCC and RyR for the different

states of the CaRU are as follows.

_ VYA LCC closed; RyR closed:
T VA
a = %, cee = [Ca”"];. (16)
L
- B [Ca2+]ds(6(v_VL)/AVL + a) (12)
e ([Ca™],) = TLKL(e(vaL)/AV,_ +1) ) LCC closed; RyR open:
B b(e(V*VL)/AVL + a)
- TL(be(vaL)/AVL +a) [C 2+]i+Ji[C 2+}SR
_ D
The current through the LCC is given by the Goldman-Hodgkin-Katz Ceco = 1 Jr ’
equation + g (17)
B [Ca™" ). e —[Ca™" ], Ca?* Ca?*
Jice = JLoV 1—o® ) (13) Jrco :JR[ a Ji a ]i.
where 6 = zF/RT. The functional forms of the transition rates in the five-state L+ g
RyR model are (Fig. 2 A)
J— 2 J— J— —
ky = I/KRyR’ ko=1,k = 1/[R’ ks = ([)R/IR’ LCC open; RyR closed:
k4 = ]/'TR and k,4 :GR/TR.
The transition rates for the three-state model of the RyR are (Fig. 2 B) J Bve,av
L
[Ca“ ]2 [Ca” L + g[ca” ]el —e
B. ([Ca2+]ds) = 2+ 72 - SEEN) Coc = JD SV )
fr([Ca™" [ + KRyR) 1+X —
B ¢R gD 1 —€ (18)
— tR . . (14) ; ; 6‘/ [Ca2+ ]ee—SV [Ca2+ ]i
+ = .
po ([Ca’"]y,) = [Ca™ Iy, + K T e b BV
ST (e T K 1"
([C 2+] ) HRd([CaZ+]iS + CKliyR)
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H- o Tr(d [Ca2 - ]3\ + cKliyR) LCC open; RyR open:
J J sve ™’
[Ca® "], + "R g + 5[ ]y
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0o Jr I 6V ’
I+ —+———5
g g l-—e
J % _
[Ca® g — [Ca” "] + 7% li_av([Ca”]SR —[Ca’ e ™)
_ & l—¢ 19
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_ 250
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1+ —+— —v
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The current through each open RyR is
The conditional probabilities of the combined states of the CaRU model
JRyR :JR([Ca2+]SR - [CaZst)' (15) (Fig. 4 A) are
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P(y ‘Z): a+B,(Ol+ +a—+:87+B+(CCC))
VT (e + o) (e + B+ B (coc)) (B + B (cee)) +ar (B_+ B (coc)))
P(y ‘Z ) — a—(B+ (CCC)(a— + B— + B+ (COC)) + B (COC)a+)
cort (a+ +a*)((a7+B—+B+(COC))(B—+B+(CCC))+a+(B +B+(Coc)))7 (20)
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The transition rates between the combined states of the CaRU (Fig. 4 B) ata.,
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The evolution of the subpopulations of the CaRUs are given by the law of
mass action as

le

- = —(”1 + rs)zl + I'2Zy + I'6Z3,

dr

dz, ) 22
Efrlzl—(12+r7)22+r8(1_21_22_23)7 ( )
dz

d—; =15z — (76 + ’”3)23 + I’4(1 — 12— 23)'

The total whole-cell current through the LCCs and RyRs is expressed as
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Ca®tis resequestered into the SR via the SERCA and is (Jafri et al., 1998)

[Ca ")
+[ca’ ] (24)

i

Isgrca = gserca
2
K

SERCA
The leak current from the SR to the bulk myoplasm is (Jafri et al., 1998)
2+ 2+

Isgy = gsra([Ca™ ]z — [Ca™ " ])). (25)

The sodium-calcium exchange current is

Inex
B enVF/RT [Na+ ]? [Caz + ]eie(n—l)VF/RT [Na+ ]: [Caz + ]1
K o INa ) (Koot [Ca 1) (1 kg™ VT
(26)
The sarcolemmal Ca*>*-ATPase is
2+
8pCa [Ca ]i
lco=—F7—"7""". 27
pC [Ca2+ ]i 4 Km‘pca ( )
The sarcolemmal leak current is
Ica = gca (ECa - V)v (28)
where
RT_ ([Ca’"]
Ec,=—1 = 29
C 2F n ( [CaZ + ]l ( )
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The Ca>* buffers to troponin

Irren = Koy ([Blrgpw — [TRPN]) — kT+RPN [TRPN] [Caﬁ]
d[TRPN]
dr

= I'gpn.- (30)

The rapid buffer coefficient (Wagner and Keizer, 1994) in the cytoplasm is

-1
KCMDN [B]CMDN (3 1 )
(Koo +[Ca”"])* )

Bi: 1+

The flux balance equation for [Ca“]i and [Ca“]SR are

d[Cca®"].
%:Bi(lmc +IRyR — Isgrea +[SR,1 — Incx _IpCa
+ ey +ITRPN)7
d[Ca*" Vo
%: Vﬂ (*IRyR +ISERCA *ISR,1)~ (32)
SR
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